Electromagnetically induced transparency (EIT) is a well-known phenomenon due in part to its applicability to quantum devices such as quantum memories and quantum gates. EIT is commonly modeled with a three-level lambda system due to the simplicity of the calculations. However, this simplified model does not capture all the physics of EIT experiments with real atoms. We present a theoretical study of the effect of two closely-spaced excited states on EIT and off-resonance Raman transitions. We find that the coherent interaction of the fields with two excited states whose separation is smaller than their Doppler broadened linewidth can enhance the EIT transmission and broaden the width of the EIT peak. However, a shift of the two-photon resonance frequency for systems with transitions of unequal dipole strengths leads to a reduction of the maximum transparency that can be achieved when Doppler broadening is taken into account even under ideal conditions of no decoherence. As a result, complete transparency cannot be achieved in a vapor cell. Only when the separation between the two excited states is of the order of the Doppler width or larger can complete transparency be recovered. In addition, we show that off-resonance Raman absorption is enhanced and its resonance frequency is shifted. Finally, we present experimental EIT measurements on the D1 line of 85 Rb that agree with the theoretical predictions when the interaction of the fields with the four levels is taken into account.
I. INTRODUCTION
Electromagnetically induced transparency (EIT) and off-resonant Raman transitions are established techniques to implement optical quantum memories [1] [2] [3] [4] [5] [6] and quantum gates [7] [8] [9] . Commonly, these processes are modeled with a three-level lambda configuration due to the simplicity of the calculations [10] [11] [12] ; however, all of the D1 transitions in Alkali atoms have four hyperfine levels. As a result, it is necessary to consider the effect of the two excited states whose frequency separation is smaller than or of the order of the Doppler broadening when working with atomic vapors.
Several papers have previously studied coherent atomphoton interactions in multilevel atomic systems. In these systems, the cancellation of spontaneous emission due to interference of the two excited states has been predicted and demonstrated [13, 14] . Additionally, shifts of the two-photon resonance in EIT and Raman absorption in a multilevel system have been theoretically predicted and observed experimentally [15, 16] . A significant reduction of the EIT transmission in a system with four closely-spaced excited states has been theoretically predicted [17] , in agreement with EIT experiments in the D2 line of alkali atoms [18] [19] [20] [21] . These studies indicate that the physics of the EIT process in real atomic systems is much richer than the one predicted with a simple three-level model.
In this paper, we focus on the theoretical study of EIT and off-resonant Raman transitions in a system with two closely-spaced excited states through a model based on * Electronic address: saesun.kim-1@ou.edu † Electronic address: marino@ou.edu a four-level system. We derive analytical expressions for the atomic susceptibilities with Doppler broadening using the density matrix formalism under the assumption of a weak probe field. In order to identify effects due to the two closely-spaced excited levels, we compare the predictions from the four-level system with the ones based on a model composed of two independent three-level systems, as shown in Fig. 1 . From this comparison we find several interesting results that are due to having two excited levels that can coherently interact with the optical fields. For example, the EIT transmission is enhanced in the limit of low coupling power and large decoherence. However, an unequal dipole strength of the transitions between the ground states and the excited states leads to a shift of the two-photon resonance that makes it impossible to obtain perfect transparency when Doppler broadening is taken into account, even in the ideal case of no decoherence. In addition, the presence of two-closely excited states leads to an enhancement of the off-resonance Raman absorption and a shift of its resonance frequency. Finally, we compare our theoretical model with experiments in a 85 Rb vapor cell and show that the observed behavior agrees with the theoretical calculations for the four-level model.
II. THEORETICAL MODEL
To model EIT and Raman transitions in the D1 line of alkali atoms we consider the four-level model shown in Fig. 1(a) . A control field couples level |1 with the two excited states |3 and |4 , while a probe field couples level |2 with the two excited states. The transitions between the two lower levels |1 and |2 and between the two upper levels |3 and |4 are taken to be dipole forbidden. We define the one-photon detuning for the control arXiv:1912.12267v1 [quant-ph] 27 Dec 2019 field as ∆ = ω 31 − ω c and the two-photon detuning as δ = ω 21 − ω p + ω c , where ω ij is the transition frequency between energy levels |i and |j and ω c and ω p are the frequencies of the control and probe fields, respectively. The Rabi-frequencies of the control and probe fields are defined as Ω ij ≡ 2d ij E/ , where d ij is the dipole moment between levels |i and |j , and E is the amplitude of the electric field that couples that transition. In order to identify the effects due to the coherent coupling of the two ground states with the two closely-spaced excited states through the control and probe fields, we introduce a model composed of two independent three-level systems, one with its excited state at the same energy as level |4 and the other with its excited state at the same energy as level |3 , as shown in Fig. 1(b) . We then combine the response of these two independent three-level systems to obtain an effective response for the four levels that does not allow for an effective interaction between the two excited states.
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FIG. 1: Schematic diagrams of the energy level structures used to model EIT in the D1 line of an alkali atom. We describe the system with (a) a four-level model and (b) a model composed of two independent three-level systems. Energy levels |1 and |2 are the two ground hyperfine states, while |3 and |4 are the two excited hyperfine states. The one-photon detuning and two-photon detuning are labeled as ∆ and δ, respectively.
We use the density matrix formalism with spontaneous emission and collisional damping [22, 23] to calculate the equations of motion. In the rotating wave approximation and weak probe field limit, we calculate the steady-state solution to obtain the atomic coherence for each transition, from where we obtain analytical expressions for the susceptibilities χ ij for the two models. The steady-state solutions are then used to obtain analytical solutions that take into account Doppler broadening by integrating over the Maxwellian velocity distribution following the procedure outlined in [10] . Detailed calculations and analytical solutions are given in Appendices A and B. By comparing the response of the four-level and the two independent three-level models, we can gain an understanding of the effect of having fields that can coherently interact with two closely-spaced excited states. While the results are valid for any four level system, such as the D1 line of al-kali atoms, we specialize to the case of 85 Rb for which the natural linewidth γ of the D1 line is 5.75 MHz and the separation between the two excited states is 361 MHz.
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FIG. 2:
Theoretical transmission spectra for the probe field obtained from the calculated susceptibilities χ32 and χ42 (see Appendix A for more detail) as a function of the twophoton detuning δ/2π. We consider the response for the two independent three-level model for (a) Ω31 = 5γ and (c) Ω31 = 15γ, and for the four-level model for (b) Ω31 = 5γ and (d) Ω31 = 15γ. For all the transmission spectra we take T = 50 • C, ∆ = 0, γ21 = 0.25γ, and a cell length of 2.54 cm.
A. Electromagnetically induced transparency
We first study the effect of the two closely-spaced excited levels on EIT. Figure 2 compares the probe transmissions obtained from the calculated susceptibilities for the four-level model and the two independent three-level model once propagation through the atomic medium is taken into account. Each figure contains two transmission traces, one for the |2 to |4 transition, calculated from the susceptibility χ 42 (green line), and the other for the |2 to |3 transition, calculated from the susceptibility χ 32 (orange line).
We start by considering the response of the two independent three-level model, shown in Fig. 2 (a). In this case, EIT is a result of the response due to χ 32 (orange line) when the fields are tuned to two-photon resonance (δ = 0). On the other hand, the response due χ 42 (green line) leads to Raman absorption at two-photon resonance. The combination of Raman absorption and EIT at the same frequency leads to a reduction of the overall transmission once the full response of the atom is considered. When the Rabi-frequency of the control field is significantly larger than the decay rate γ, Autler-Townes splitting centered at δ = 0 appears for the response due to χ 32 (orange line), see Fig. 2 (c). However, the off-resonance Raman absorption due to the response from χ 42 (green line) experiences a light shift that moves the resonance to the red of δ = 0. As a result, Raman absorption and EIT now occur at different twophoton detunings, which minimizes the cancellation in transparency present at smaller Rabi-frequencies.
We next consider the response of the four-level model in Fig. 2(b) . Similar to the two three-level model, EIT appears on the |2 to |3 transition when the control and probe fields are on two-photon resonance, as can be seen from the response due to χ 32 (orange line) in Fig. 2(b) . However, the |2 to |4 transition now exhibits gain to the blue and Raman absorption to the red of the twophoton resonance, as shown by the response due to χ 42 (green line) in Fig. 2(b) . Since now EIT and Raman absorption appear at different two-photon detunings and there is gain close to the two-photon resonance, the EIT transmission is enhanced. For the four-level model there is an extra absorption feature from the response due to χ 32 (orange line) that appears when the probe is on resonance with level |4 (δ = −361MHz), which leads to an increased absorption of the probe when it is on resonance with the |2 to |4 transition. For larger control field Rabi-frequencies, the EIT peak is red shifted with respect to two-photon resonance [15, 16] , as can be seen by the response of χ 32 (orange line) in Fig. 2(d) . However, the gain and Raman absorption in the response due to χ 42 (green line) shift by different amounts around the two-photon resonance. As a result, the gain partially cancels the absorption to the blue of the two-photon resonance and the Raman absorption partially enhances the absorption to the red of the two-photon resonance. The combination of these two effects lead to an asymmetric EIT lineshape and a broadening of the EIT peak. We finally consider the effect of Doppler broadening for both the four-level and the two three-level models, see Appendix B for the derivation of analytical expressions. The response for the two models after propagation through the atomic medium taking into account the calculated susceptibilities are shown in Fig. 3 , where the transmission spectra for the four-level model (red line), for the two three-level model (blue line), and in the absence of the control field (dashed line) are plotted for a temperature of 50 • C. Since the separation between the excited states of 85 Rb is 361 MHz and the Doppler width at 50 • C is 527 MHz, the two excited hyperfine levels (|3 and |4 ) are not resolved. For the case of low Rabifrequency for the control field, see Fig. 3 (a), EIT has a higher transmission for the four-level model than for the two independent three-level model. This is due to the fact that Raman absorption for the four-level system is shifted significantly further from the two-photon resonance than for the two three-level model. Additionally, the presence of gain near two-photon resonance due to the simultaneous coupling of the fields to the two excited levels in the four-level model enhances the EIT transmission.
For large Rabi-frequencies of the control field, the Raman absorption for the two three-level model shifts enough from the two-photon resonance that it no longer reduces the EIT transmission. On the other hand, for the four-level model Raman absorption and EIT shift together. As a result, the EIT transmission is always limited by Raman absorption in spite of the presence of gain. In this regime, the gain to the blue of the EIT peak starts to broaden, which leads to an effective broadening of the transmission peak and an asymmetric lineshape, as can be seen in Fig. 3(b) . We find that the EIT peak from the four-level model is broadened more than the one from the three-level model due to the enhanced Raman absorption to the red of the two-photon resonance from the response due to χ 42 and the additional absorption for the |2 to |4 transition due to the response from χ 32 .
B. Role of Rabi-frequency and decoherence
We next compare the dependency of the maximum EIT transmission and width of the transparency peak on the control field Rabi-frequency and decoherence rate for the four-level and the two three-level models. This comparison will allow us to study the effect of the coherent coupling of the fields to the two excited states in the fourlevel model and its impact on EIT. To do this, we define the transparency as 1 − Im[χ EIT /χ Abs ] where χ EIT and χ Abs are the Doppler-broadened susceptibilities at the frequency of the maximum EIT transmission with and without the control field, respectively. The transparency as defined here provides a measure of the EIT contrast based on the absorption coefficients. We defined the EIT width as the FWHM of the EIT transmission peak.
We first compare the transparency for the two models. As can be seen in Fig. 4(a) , the transparency of the fourlevel model (red line) is enhanced with respect to the one for the two three-level model for low control field Rabifrequencies. As explained in the Sect. II A, see Fig. 2 , for the low Rabi-frequency limit Raman absorption due to the response of χ 42 occurs on two-photon resonance for the two three-level model while it is red shifted for the four-level model. This shift, in combination with the gain from the response of χ 42 for the four-level model, leads to the enhanced transparency for the four-level model. As expected, the transparency for both models increases as the Rabi-frequency increases. However, the transparency for the four-level model saturates below one, while the one for the three-level tends to a value of one. This results from the fact that for the four-level model the red shifted EIT is always limited by the off-resonance Raman absorption. On the other hand, for the two three-level model the EIT transmission does not shift while the Raman absorption shifts as the control field Rabi frequency is increased. We next consider the effect of the ground state decoherence rate on the transparency in Fig. 4 (c). While perfect transparency can be achieved for the three-level model, the transparency for the four-level model never reaches a value of one. This is the case even in the ideal limit of no decoherence. This result implies that it is not possible to obtain complete transparency in the D1 line of alkali atoms in vapor cells where Doppler broadening needs to be taken into account. This result is consistent with the one in [17] , where they showed that the presence of multiple excited levels significantly reduces the EIT transmission when Doppler broadening is present.
Given that the width of the EIT transmission peak affects the dispersion in the medium, it has an impact on the group velocity of the light [24] [25] [26] . It is thus important to develop a more accurate description of the response of the atomic system to understand the effect of the two closely-spaced excited states. To do this, we study the effect of control field power and decoherence on the EIT width for the four-level and the two threelevel models, as shown in Figs. 4(b) and 4(d). For both models, the FWHM increase linearly as the control field Rabi frequency and decoherence rate increase, following the behavior that has been previously predicted using a three-level calculation [27] [28] [29] . As can be seen from Fig. 4(b) , the EIT transmission peak for the four-level model is broader than the one for the three-level model. This is a result of the gain (in the response due to χ 42 for the four-level model in Fig. 2) to the blue of the EIT peak, which broadens with control power and contributes the EIT width. For high decoherence rates, the gain and the Raman absorption in the response of the four-level model slowly vanish. As a result, the four-level and two three-level models converge to the same FWHM.
C. Role of separation between excited states
To understand the role of the two closely-spaced excited levels on EIT, we consider the effect of the frequency separation between them on the transparency. As was shown in Sect. II B, it is not possible to obtain perfect transparency when both excited levels are taken into account in the presence of Doppler broadening even for the ideal case of no decoherence. We revisit this point and consider the effect of the spacing between the excited levels. To do so, we calculate the Doppler broadened EIT transparency for zero decoherence as a function of the normalized separation, which we define as the ratio of the frequency separation between the excited states and the Doppler width, as shown in Fig. 5(a) .
For the four-level model, which captures the response from an effective coupling between the two excited states, we find that the transparency depends only on the normalized separation and not the absolute frequency separation between the excited levels. This can be seen from Fig. 5(a) , which shows that the behavior of the transparency is independent of the temperature (T = 20 • C, 50 • C, 100 • C, 200 • C, and 400 • C), which effectively changes the Doppler broadened width. For reference, the figure also shows the result from the two three-level model (black dashed line), which shows complete transparency independent of the separation between the excited states. As can be seen, when it is not possible to clearly resolve the two excited levels (ω 43 /∆ω D < 2) complete transparency is not possible. It is however possible to recover full transparency when the frequency separation between the excited levels is more than twice the Doppler width. Effectively this means that for alkali atoms in which the D1 line structure is not resolved in a vapor cell complete transparency cannot be achieved even under ideal conditions. However, in a cold atomic system, where Doppler broadening is negligible, complete transparency is possible.
In Fig. 5(b) we explore the behavior of the transparency with respect to the normalized separation for multiple decoherence rates [γ 21 = 0 (black), 0.01γ (green), 0.05γ (orange), 0.1γ (brown), 0.25γ (purple), and 0.5γ (blue)] at a temperature of T = 50 • C. The results from the two three-level model are shown with dashed lines, while the ones for the four-level model are shown with solid lines. We find that as the decoherence rate increases, the transparency of the four-level model is enhanced relative to the one of the two three-level model, in particular in the regime where it is not possible to clearly resolve the two excited levels (ω 43 /∆ω D < 2). This implies that a small normalized separation between the two excited states enhances the EIT in a vapor cell. For a large normalized separation both models converge to the same transmission level, with the transparency for the four-level model always higher than the one for the three-level model. This can be understood by referring to Fig. 2 . As the normalized separation increases, level |4 moves further and further away from resonance, which for the four-level model leads to the reduction of the gain to the blue of the EIT peak (which enhances the transparency), while for the two-three level model this leads to the reduction of the off-resonance Raman absorption (which suppress the transparency).
To obtain a better understanding of the effect of the two excited states on EIT, we consider the suppression and enhancement of the transparency with respect to a simple three-level system for decoherence rates of 0.01γ and 0.5γ in Figs. 5(c) and 5(d), respectively. In particular, we compare the transparency of the four-level and two-three level models with the ones of the two independent three-level systems that make up the two three-level model and the average between them. The dashed lines represent the transparency for a simple three-level system with a dipole moment for the control field transition of d 41 (green), d 31 (orange), and the average dipole moment (black) for both control and probe fields on resonance with their corresponding transition (effectively for a normalized separation of zero). As we would expect, the transparency for the two three-level model is at the same level as the black dashed line for a normalized separation of zero. Interestingly, the transparency of the four-level model is lower than that of all of the simple three-level systems for the case of low decoherence rate, see Fig. 5(c) , and larger than that of all the simple three-level systems for a larger decoherence rate, see Fig. 5(d) . This suggests that the EIT transmission enhancement and suppression cannot be explained with a single three-level lambda system and that they are a result of the coherent coupling of the control and probe fields with the two excited levels. From Figs. 5(c) and 5(d) we can also see that in the limit of a large normalized separation, the transparency tends to the one of a simple three-level system with dipole moment d 31 (orange dashed line). As the normalized separation increases energy level |4 moves further away from resonance, which reduced the effect of the lambda system with d 41 on the EIT response of the atom.
D. Off-resonance Raman
The two closely-spaced excited states also play a role in the off-resonance Raman process where the fields are tuned far away from resonance (large one-photon detuning). For the three-level model, each of the three level systems will exhibit its own off-resonance Raman absorption. This behavior can be seen in Fig. 6(a) (blue trace) where two absorption dips, corresponding to Raman transitions through levels |3 and |4 , are clearly visible. Since the detuning of the control field is different for each of the two excited levels due to the frequency separation between them, each of the Raman processes experiences a different light shift. This leads to the offresonance Raman absorption dips associated with levels |3 and |4 to appear at different frequencies, around δ/2π = 0.1 MHz and δ/2π = 0.3 MHz, respectively. These locations are consistent with the expected light shifts, δ |3 3 = Ω 2 31 /4∆ for the one associated with level |3 and δ |4 3 = Ω 2 41 /4(∆ + ω 43 ) for the one associated with level |4 . On the other hand, the four-level model, see red line in Fig. 6(a) , shows only one Raman absorption dip near δ/2π = 0.4 MHz, which means that the two excited levels need to be treated as an effective single excited level. In addition, the interplay between the two excited states leads to an enhanced off-resonance Raman absorption and a more significant light shift, which is now approximately equal to the sum of the light shifts for each of the two individual lambda systems, δ 4 ≈ δ Similar to the results we found for EIT, we find that for off-resonance Raman absorption the four-level model exhibits enhanced absorption with a broader lineshape for larger decoherence rates, as shown in Fig. 6(b) . Since off-resonance Raman transitions can be used in an atomic vapor to implement a quantum memory [30] and can impact atomic interferometers though phase shifts [31] , the slight frequency shift of the resonance and its increased absorption level and width will lead to a slightly different phase shift and storage time from what would be expected from a simple three-level system. Thus, these effects need to be properly taken into account when working with real atomic systems.
E. Dressed state picture
In order to obtain additional insight into the physics of the results presented above, we now consider a dressed state model. Detailed calculations of the eigenvalues of the dressed atomic system are given in Appendix C. Figure 7 shows a contour plot of the transmission spectrum obtained from the response of the calculated susceptibilities as a function of the two-photon detuning δ and the one-photon detuning ∆. The eigenvalues of the dressed state model show the effective location of the resonances for the probe beam [32] and are also shown as magenta dashed line. As can be seen, the eigenvalues coincide with the locations of maximum absorption obtained from a full calculation of the atomic response. As a result, this approach provides a simple way to calculate the location of the EIT resonance and obtain a better understanding of how different parameters impact the transparency.
As can be seen in Fig. 7(b) , for the two three-level model the two eigenvalues diverge near the two-photon resonance. As a result, at exact two-photon resonance there is complete transparency independent of the onephoton detuning [33] . On the other hand, for the fourlevel model, shown in Fig. 7(a) , one of the eigenvalues does not exhibit such a divergence. As a result, perfect transparency is in general not present on two-photon resonance. A small transparent region appears to the red of the two-photon resonance, which has been previously observed [34, 35] . The location of this transparency region in terms of the one-photon and two-photon detuning can be calculated using the dressed state solution and is given by the location where the transition probability amplitudes of the transitions |3 to |1 and |4 to |1 have equal and opposite magnitudes. The absorption probability vanishes when
and complete transparency is achieved. As can be seen from these results, for transitions with equal dipole moments (d 41 = d 31 ), and thus equal Rabi frequencies (Ω 41 = Ω 31 ), ∆ vanish becomes half the separation between the two excited states and δ vanish becomes zero. As a result, complete transparency is obtained on two-photon resonance when the control field is tuned half way between the two excited levels. For a more realistic case of different dipole strengths the location of maximum transparency is shifted off the twophoton resonance. In addition, in an atomic vapor it is necessary to take Doppler broadening into account. Since Doppler broadening results in a broadening mainly along the direction of the one-photon detuning, ∆, for co-propagating control and probe fields and the transparent region is shifted from two-photon resonance, it is not possible to obtain perfect transparency if the separation between the excited states is smaller than the Doppler width.
III. EXPERIMENTAL RESULTS
In this section we present experimental measurements of EIT in the D1 of a natural abundance Rb vapor cell to compare with the theoretical calculations from the fourlevel model. We use a CW Ti:Sapphire laser tuned to the D1 line of 85 Rb around 795 nm, as shown in Fig. 8 , to generate the control beam. To generate the probe beam we take a small portion of the control beam before the Rb cell with a beam sampler and double pass it through an acoustic optical modulator (AOM) to generate the required frequency shift, ∼ 3 GHz, corresponding to the separation between the two ground state hyperfine levels. The AOM also makes it possible to scan the probe beam around the two-photon resonance. The control and probe fields are both sent through optical fibers to clean up their spatial profiles. After the fibers optical systems are used to obtain 1/e 2 diameters for the control and probe fields of 1.2 mm and 0.5 mm, respectively. Perpendicularly polarized control and probe beams with ≈ 35 mW and ≈ 10 µW of power, respectively, are combined with a polarizing beam splitter and sent in a co-propagating configuration through a natural abundance Rb vapor cell with several layers of magnetic shielding. After the cell, the control beam is blocked with a polarization filter and the probe is measured with a photodiode to obtain the transmission spectrum.
To characterize the transmission spectrum of the probe beam we scan the laser (which controls the one-photon detuning ∆) by 6 GHz centered around the D1 line of 85 Rb. The one-photon detuning ∆ = 0 corresponds to the transition between the F = 3 ground state and the center of the Doppler broadened excited state of 85 Rb. Additionally, we scan the two-photon detuning δ by 26 MHz around the two-photon resonance with the AOM. Figure 9 shows of the contour plot of the normalized transmission spectrum from both the experimental data and the theoretical calculations obtained from the four-level model. As can be seen, the theoretical model shows the same behavior as the experimental data. In particular, both the theory and the data show the reduced absorption and diverging behavior near the twophoton resonance as well as the eigenvalue that crosses through the two-photon resonance. The additional weak absorption near ∆ = 1.5 GHz in the experimental data shown in Fig. 9(a) is due to the contribution from 87 Rb in the natural abundance cell, which is not taken into account in the theoretical model.
IV. CONCLUSION
We present a study of the effects of two closely-spaced excited states on EIT and off-resonance Raman transitions. To identify the effects due to the coherent interaction of the fields with the two excited states we compare two models, one which includes the four levels and one that includes two independent three-level systems. We use these two models to study the behavior of EIT and off-resonance Raman as a function of the decoherence rate, Rabi-frequency, and the separation between the two excited levels. We find that for high decoherence rates the presence of two closely-spaced excited states whose frequency separation is less than their Doppler broadened linewidths enhances the EIT transmission and broadens the width of the EIT resonance. However, even in the ideal case of no decoherence perfect transparency is not possible and can only be recovered when the separation between the excited states is larger than the Doppler broadening. These effects can play a role on quantum device based on EIT in a room temperature vapor cell as a broader transparency region with reduced transmission introduces losses and limits the amount of group delay that can be achieved [24] . We also show that the presence of two closely-spaced excited states enhances off-resonance Raman transitions and introduces a larger light shift. Finally, we present experimental EIT measurements in the D1 line of 85 Rb and show that the calculations based on the four-level model agree with the measured transmission spectrum. where σ ij are the density matrix elements after the rotating wave approximation, γ ij are the dipole dephasing rates, Ω ij are Rabi-frequency for the transition between levels |i and |j , and ω 43 is the frequency difference between the two excited states. We analytically solve this system of equations in steady state for the off-diagonal element of the density matrix. For simplicity we rewrite the Rabi-frequencies as Ω 41 = α Ω 31 and Ω 42 = β Ω 32 , where α = d 41 /d 31 and β = d 42 /d 32 with d ij representing the dipole moment of the corresponding transitions. For the case of 85 Rb α = 7/2 and β = 4/5. For a weak probe beam, the strong pump optically pumps the atomic system to level |2 . After taking into account that all the population is in |2 , we find that in the weak probe approximation the steady state solution for the density matrix elements for the transitions that the probe can couple to are given by
where the denominator Z takes the form 
and |Ω| 2 = Ω 31 Ω 13 . Finally, we calculate the susceptibilities for the |2 to |3 and |2 to |4 transitions from Eqs. (A7) and (A8) through the use of the relation
where N is number density of atomic medium.
We can use this Hamiltonian to obtain eigenvalues for the atomic plus control field system. We find the eigenvalues to be given by 2 λ, where λ is the solution of the following cubic equation 
These solutions capture most of the essential physics of the four-level system.
